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Abstract 

In this paper we prove that the canonical seesaw mechanism can naturally be 
implemented in a particular class of electro-weak 5*17 (4) l ® U{1)y gauge models. 
The resulting neutrino mass spectrum is determined by just tuning a unique free 
parameter a within the algebraical method of solving gauge models with high sym- 
metries. All the Standard Model phenomenology is preserved, being unaffected by 
the new physics occuring at a high breaking scale m ~ lO^^GeV. 
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1 Introduction 

One of the main reasons driving the search for various extensions of the Standard 
Model (SM) IB - m - which has been established as a gauge theory based on the 
local group SU{3)c ^ SU {2)l®U{\)y undergoing in its electro-weak sector a spon- 
taneous symmetry breakdown (SSB) up to the electromagnetic universal U{l)em - 
stems in the recently unfolded neutrino phenomenology I?). At the SM level, it is 
well known that left-handed neutrinos are massless in all orders of perturbations and 
there is no need at all for right-handed neutrinos. Therefore, no mixing occurs in the 
lepton sector, in contrast with the quark sector Observational collaborations such as 
SuperKamiokande [5 6|, K2K |7|, SNO |8 |, KamLAND [9|, LSND (|TOl and others 
have definitely proved within the last decade that neutrinos oscillate and, consequently, 
they must caiTy non-zero masses. Although the mass spectrum in the neutrino sector 
exhibits certain features such as the mass splitting ratio t-a — Amg/Am^j^ ~ 0.03 
and particular mixing angles {Oq ~ 34° and 9q ~ 45°, along with ^13 ~ in the 
mixing matrix), the absolute mass hierarchy has not been determined yet. What we 
only know at present is that it lies most likely in the eV region. 

However, the theoretical devices designed to face such a reality (see Refs. ifTTl - 
lfT3l for excellent reviews on neutrino mass issue) mainly included two distinct pur- 
posals - (i) radiative mechanisms (initially proposed by Zee 1 14|) and (ii) various types 
of see-saw [il5i - [jl8j - in order to obtain viable predictions for the massive neutrino 
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sector. Notwithstanding, these approaches seem more efficient in some extentions of 
the SM, since models such as SU{3)c <Xi SU{3)l (Xi U{1)y (3-3-1) introduced and 
developed by Frampton, Pisano and Pleitez [19], Frampton ||20l . Long ET\ and others 
Hal - |l33j and SU{3)c «) SU{A)l «) U{1)y (3-4-1) iH - ED have emerged in the 
literature. Neutrino masses generated through radiative patterns in 3-3-1 models can 
be found in Refs. P9l - ll56l . while the way see-saw mechanisms work in those models 
is exploited in Refs. Il57l - ||6T1. 

Here we are concerned with the well-known see-saw mechanism IfTSl - IfTTl ) worked 
out in the particular electro-weak SU{4)l ^ U{1)y model without exotic electric 
charges |44| - [47 1. As a matter of fact, this efficient mathematical procedure calls 
for both left-handed and right-handed neutrinos. Since they can naturally be embedded 
in lepton multiplets of the 3-4-1 model, there is no need for supplemental ingredients 
(like a new small parameter as in Ref. |59 1). 

The paper is organized as follows: Sec. 2 reviews the main features of the SU{3)c^ 
SU{4:)l'S)U{1)y gauge model without exotic electric charges treated within the frame- 
work of the general algebraical method proposed by Cotaescu [62 1. Sec. 3 deals with 
the fermion mass issue with a special emphasize on the neutrino Yukawa sector in the 
3-4-1 model of interest. Our conclusions are sketched in the last section (Sec. 4) where 
also some numerical estimates are given. 

2 SU (4)i t/ model without exotic charges 

All the details of the of solving gauge models with high symmetries undergoing in their 
electro- weak a SSB can be found in the paper of Cotaescu [62 1. Note that it was al- 
ready succesfully applied by the author in the case of 3-3-1 gauge models in a series of 
papers ll63l - ll67l which accomodated in a natural way the neutrino phenomenology. In 
each of these cases, the method itself led to viable predictions regarding the boson mass 
spectrum and currents (both charged and neutral), recovering all the SM phenomenol- 
ogy. This goal was simply achieved by introducing a particular metric in the scalar 
sector that finally offered a framework with a single free parameter to be tuned. The 
same procedure was exploited in recent papers dealing with the 3-4-1 models ||43ll47l 
with a remarkable succes with regard to the boson mass spectrum and coupling coef- 
ficients for the charged and neutral currents (at least in the no-exotic-electric-charges 
class of 3-4-1 models ||47l ). In this latter case we go further by introducing a special 
arrangment in the Higgs sector leading to a natural see-saw context in the neutrino 
sector. 

In this secton we briefly present the particle content of the 3-4-1 model of interest 
here, namely Model A in Ref. POl . For the SU{4:)l group the 3 diagonal generators 
are defined as: Di = T3 = ^Diag{l, -1,0,0), D2 = Tg = ^L>m.g(l, 1, -2, 0), 

and D3 = Tis — ^;i=Dm(7(l, 1, 1, —3) respectively. The irreducible representations 
(irreps) with respect to the gauge group of the theory are denoted by (rico/or, Hp, 
while the versor assignment needed in the general method ||62l stands as I'l — 0, 
1^2 = 0, 1^3 = — 1. The parameter matrix [62] in the scalar sector is taken as ry^ = 
(1 — riDDiag {l — c,c — a,\a -\- b, — b) in order to fulfil the condition Tr{Tf) = 
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1— r^o in the general method. At the same time, one assumes the condition e = g smdw 
estabhshed in the SM and the relation between 6w and 9 (introduced by the method 
itself in order to separate the electromagnetic field in a general Weinberg transforma- 
tion - see Sec. 5 in Ref. Il62l ) yields sin 6' = yj^sindw- Under these circumstances, 
the coupling matching was inferred ll40l on algebraical reasons: ^ = sm Ow 
(where, obviously, g is the SU{A)l coupling and g' is the U{l)em coupling). 



2.1 Fermion content 



The fermion sector of the Model A 114011 consists of the following representations: 
Lepton families 



fal 



( \ 

No. 

V ea y 



(1,4*, -1/4) (e„L)'^ (1,1,1) (1) 



Quarli families 
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(3, 4*, 5/12) (2) 



(d^LT, id.,Lr, (D^lY, {D[^Y ^ (3, 1, +1/3) 



(3) 



(^3L)^ {u^lT. {UlT, {U'lT - (3, 1, -2/3) (4) 

with a = 1, 2, 3 and i = 1, 2. 

With this assignment the fermion families cancel the axial anomalies by just an 
interplay between them, although each family remains anomalous by itself. 



2.2 Boson sector 

The boson sector is determined by the standard generators Ta of the su{A) algebra. In 
this basis, the gauge fields are A^^ and e su{A), that is 
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with Dl = AI + Al/VS + Aj^/V6, Dl = -A^ + ^/^S + A^^/^, 0% = 
-2^^/V3 + Ajf'/VG, Df^ = -SAjj'/VG as diagonal bosons. Apart from the chai-ged 
Weinberg bosons (W^), there are two new charged bosons, K^, K'^, while X'^ 
and y° are new neutral bosons, but distinct from the diagonl ones {Z, Z' , Z" plus the 
massless Aem)- 

2.3 Minimal Higgs mechanism 

The general method assumes also a particular minimal Higgs mechanism (mHm) based 
on a special parametrization in the scalar sector, such that the n Higgs multiplets ^'^^ 
(/)(^), ... satisfy the orthogonality condition (/)(*)+(/)(^' = (jPSij in order to eliminate 
the unwanted Goldstone bosons that could survive the SSB. is a gauge-invariant real 
scalar field while the Higgs multiplets 0^*^ transform according to the irreps ( 1 , n, y^*) ) 
whose characters y'*^ are arbitrary numbers that can be organized into the diagonal 
matrix Y = Diag {y^^\y''^\ • • • , y'"-*). The Higgs sector needs, in our approach, a 
parameter matrix 

rj ^ Diag (r]'^^\r]^'^\...,r]^''A (6) 



with the property Tr{rf') — 1 — ?/o- pl^Y 'he role of the metric in the kinetic part 

of the Higgs Lagrangian density (Ld) which reads 



■ =1 



where D^^^*) — d^4>'^^^ — igiA^ + y'^*^A°)0^*) are the covariant derivatives of the 
model and V{(f)) is the scalar potential generating the SSB of the gauge symmetry ll62l . 
This is assumed to have an absolute minimum for = (0) 7^ that is, =((/))+ tr 
where a is the unique surviving physical Higgs field. Therefore, one can always define 
the unitary gauge where the Higgs multiplets, 0^*^ have the components 0^*-' = 6ik<t> = 
d^ki{(l)) + <J)- 

The masses of both the neutral and charged bosons depend on the choice of the 
matrix 77 whose components are free parameters. Here it is convenient to assume the 
following matrix 

77^ = (1 - ril)Diag ^1 - c, c - a, + &, ^« ^ : (8) 

where, for the moment, a,b and c are arbitrary non-vanishing real parameters. Obvi- 
ously, 770, c G [0, 1), a £ (0, c) and b e (—a, +a). 

With this assignment - for all the details the reader is referred to Ref.|47| - af- 
ter some algebra exploiting the mass relation from SM m^(Z) — (W) / cos^ 6w 



(equivalent with Det — g^^. = 0) and enforcing some physical arguments in 

the above presented 3-4-1 model regarding the decoupling of the heaviest Z" as the 
symmetry is broken to SU{3) (equivalent with c = (1 + a)/2), one obtains a one- 
parameter mass scale (by working out the relation^ — tan^ dw) (see Sec. 2.4). 
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It is worth noting that the parameter matrix now becomes 



rj'' = {l-r]l)Diag(^^-^,^-^,^{l+t&n^9w),^{l-tSin''ew),^ , (9) 

while the 4 scalar 4-plets of the Higgs sector are represented by (j>^^\ (j)^'^'> ~ 
(1, 4, 1/4) and ^(^) ^ (1, 4, -3/4). They can be re-defined as (j)^^ without 
altering the physical content (as one can see in Sec. 3). 

2.4 Boson mass spectrum 

With the following notation = {(j))"^ (l — r7Q)/4 the masses of the physical bosons 
stand 



m^{W) = m^a, (10) 
m^{X) = m^al 1, (11) 

m^{X) = m^ai 1, (12) 

m^K) = rn^a(l±^), (13) 

m\K') = m^a^ '-'f^ y (14) 

m^iY) = m^(l-a), (15) 
m^{Z) = m^a/cos^ew, (16) 
2, 2 cos^Ow - asm^Ow 

™ ) = m — ^-r~(^ — ■ 2n \ ' (17) 

cos^ 0w (2 — 3 sm (fw) 
m^{Z") = m^{l-a). (18) 

One can observe that the above mass scale is just a matter of tuning the parameter 
a in accordance with the possible values for (0) . 

2.5 Neutral charges 

Now one can compute all the charges for the fermion representations in model A with 
respect to the neutral bosons (Z, Z', Z"), since the general Weinberg transformation 
(gWt) is determined by the matrix 
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/ 1 











■^2-3 sin'' 6w 





-/2-3sin2 dw 
\/3-\/l— sin^~^w" 



\/3^/T^ 



(19) 



They will be expressed (assuming the above versor assignment vi = Q, V2 = 0, 
V'i = -l)by: 



QP{Z^) = g 



where the conditions 



D'luj'. + DP^uo^-. + ( cos6I + yl^"^ sinw | u". 



(20) 



9 sin^ 



and sin 6* 



sin 6*14/ have to be inserted. 



The couplings are listed in the following Table. 



3 Seesaw Mechanism 

Now, let us inspect the gauge-invariant Ld of the Yukawa sector for leptons. In our 
approach, it reads 

C'^^' = G^pU (0('^e=„^ + SnrpL + SnfpL + ^d/^l) + H.c. (21) 

where 5 matrices are defined as follows 5^ ® (j)^^^ + cj)'-^^ (g) 0^^') ~ 

(1, 10, 1/2), Sd = ^-\(f>^^'>(g><f>^^H^^^^(g>(f>^^'>) ^ (1, 10, 1/2), 5^ = rH'^''^ 

<^(3) + 0(3) ^ 0(1)) _ 10, 1/2). 

After the SSB the first term in Eq. ( 1211 1 supplies the masses for all the charged 
leptons: m(e) = ^ m(/i) = B{(f>^^'>), m(r) = ^(^W). Obviously, A = 

Gil, B = G22, G = G33. 

The following 3 terms in Eq. jTH - when boosting to the unitary gauge - will 
contribute to the mass of the neutrinos if the first two positions in the lepton 4-plet 
gain a particular semnification. A very strange - but meaningful outcome! - occurs 
for NaL and iV^^ when inspecting the Table containing the fermion couplings to the 
neutral currents. As one expects, they do not couple to the SM Z boson, while their 
couplings to Z' are identical. Regarding their couplings to Z" they are identical up 
to a sign. This state of affairs entitles us to consider that these neutral fermions could 
well be interpreted as 3 flavors of right-handed neutrinos and their correspondig charge 
conjugates, in the manner N^l = i^aR ™d N^j^ = {ly'aRT- With this identification 
one can easily observe that the Yukawa Ld fTH leads (after the SSB) straightforwardly 
to the canonical see-saw terms in the neutrino sector 

Ci- = C^ia) + C^'ia)+C§{a), (22) 
which develop the following matrix 
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Table 1: Coupling coefficients of the neutral currents in 3-4-1 model 
Particle\Coupling(e/ sm29w) Z ^ ff Z' ff Z" ff 



2\/2— 3sin^ Ow 

NeL,N^L,NrL -^o£e^ ^og^^ 

2y2— Ssin^flvv 

y 2 — 3 sin^ 

„, ^ 1 4„- 2/) 2-9 cos'' Ow n 

ul,cl 1 — 5 Sin fw — , u 

' 3 2^2-3 sin2 Ow 

dL,SL -l + UinHw cos- Ow 

' '3 1^ 2^2-3 sin2 Ow 

3 6^2-3 sin2 0^ 

h 1-l2„:„2/) 2+9 cos^ Ow n 

3\/2-3sin2 Siv 
3y2— 3sin^0vv 
^ 6v2-3sin2 Svv^ 

fsin^^v^ /r/f:t'r cos^^ 

6V2-3sin2 6iw 

rr/ 4 „• 2 /) ~l+9sin^ flyy „„„ /3 

^3L -3^'^^ . U , ia -CO^^w 

^ 6y2 — 3sm^«H^ 
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(23) 

mo J 

since the specific Dirac Yukawa Ld stands as Cy = —rriDip'^ip+H.c. and the Majorana 
mass term as Ly — — 5"^mV''^V' + H.c. 

From this point on, our parametrization of the scalar sector plays a crucial role in 
working out the see-saw mechanism. Assuming the parameter outcome (|9]l and the 
re-definition of the scalar fields presented at the end of Sec. 2.3, one obtains: 



2(1 -a) A/a(l-a)(l + taii2 9w) 

Map = Gap I I (0) . 

yja{l - a)(l + tan2 Ow) 

(24) 

If the most suitable case requires the parameter a ^ 0, the above see-saw mecha- 
nism exhibits the eigenvalue-matrix: 



I A D E 

M{iyL) ^ T^aC^ + tanHw) \ D B F | (0) , (25) 

EEC 



A 


D 


E 


D 


B 


F 


E 


E 


C 



2 

for the left handed-neutrinos, and 



M{iyR) = 2(1 - a) D B F (26) 
\ E E C J 

for their right-handed partners. The Yukawa couplings in the above expressions are 
A = Gee, B = G^^, C = Gtt, D = Gefj., E — Ger, F — G in our notation, and 
they should disappear by solving an appropriate set of equations for different mixing 
angles choices. 

The physical neutrino mass issue can be addressed if we consider first neutrino 
mixing (for details see Refs. [jfTl - ||T3| ) The unitary mixing matrix U (with [/+[/ ==1) 
links the gauge-flavor basis to the physical basis of massive neutrinos in the manner: 

3 

l^aLix) = ^ Uail'iLix) (27) 
i=l 

where a = e.fi^v (corresponding to neutrino gauge eigenstates), and i = 1,2,3 (cor- 
responding to massive physical neutrinos with masses rrii). The mixing matrix U that 
diagonahzes the mass matrix U'^MU — rriijSj has in the standard parametrization the 
form: 

C2C3 S2C3 536""^ 

U = \ c -S2C1 - £281836''^ C1C2 - 8283816'-^ C381 I (28) 

S2SI — 0201536"^ — S1C2 — S2S3Cie''^ C3C1 
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where the substitutions sin6'23 = si, sin0i2 — S2, sin^ia = S3, cos023 = ci, 
COS012 = C2, cos(?i3 = C3 for the mixing angles have been made, and 6 is the 
CP phase. Bearing in mind that TrM{vL) — ^^'^ phenomenological val- 

ues rui of neutrino masses are severely limited to few ey,one obtains: J^i '^i = 
ia(l + tan^ 61m.) (0) {A + B + C). That is 



TrM{vL) = 



1 + tan^ 



V2 \, VT" 



tan 



m{T) 



m{ii) m(e) 



With its good approximation: 



^ if l + tan2 6'v 

^ TO ; ~ — = — ■;^^^=^^^= 

v2 K^/i^^ta^Fe^ 



to(t) to(t) 



(29) 



(30) 



where we neglected the small ratios m{^)/m{T) 
and exploited TO(r) 



in Eq, 



C- 



- 0.05 and m(e)/m(T) - 0.0002 
(</>>■ 



account the PDG results Il68l ) one can estimate the range of the free parameter a in 
order to match the observed tiny masses (^ leV) in the left-handed neutrino spectrum. 
It has to be a ^ 0.25 x 10~^^ corresponding to a mass scale to ~ 1.6 x IG^^GeV. 
(The latter was inferred from Eq. (fT0b in order to ensure ra{W) — 80.4GeV. Under 
these circumstances, right-handed neutrinos must exhibit masses in the range ^ 1.2 x 
lO^^GeV, unaccesible yet to a direct observation. 

Regarding the mixing angles, the neutrino mass hierarchy (normal, inverted or de- 
generate) and its splitting, or possible additional symmetries (such as Lg — — Lt) for 
a neutrino mass matrix including diagonal entries that are proportional to the charged 
lepton masses was treated in Ref. |69|. Those results are suitable for the model of 
interest in this paper, since our diagonal entries here exhibit the same proportionality. 

We mention also that some new bosons {Y , Z' and Z") gain masses at the IG^^GeV 
level. But this is not a contradiction, since our point of departure in our analysis con- 
sisted in decoupling of the heavier neutral boson {Z") from its two companions { Z and 
Z'). 



4 Conclusions 

In conclusion, in this paper we have worked out the neutrino mass issue in a 3-4-1 
electro-weak model without exotic electric charges, proving that the canonical see-saw 
mechanism can naturally arise - without resorting to any supplemental ingredients ! - by 
just exploiting the general method of treating gauge models with high symmetries. This 
assumes a geometrical approach - given by a proper parameter set in the Higgs sector 
- combined with the redefinition of the scalar multiplets and a particular gauge fixing 
(we work in unitary gauge from the very beginning for some nedeed scalar 10-plets - 
i.e. matrices S in Eq.(l2n constructed as tensor products out of the existing 4-plets). 
This procedure leads straightforwardly to the one-parameter (a) see-saw mechanism 
giving the right order of magnitude for the left-handed neutrinos ^eV when the mass 
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scale of the whole model lies in the range m ^ lO^^GeV. The SM phenomenology 
is not disturbed by this mathematical approach, since all the masses and coupUngs of 
the SM particles - namely, leptons leptons e, fj,, r, quarks u, d,s,c,t,b, and bosons W, 
Z plus the massless Af-m- computed through our method come out at their established 
values. 
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